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Abstract. In the present paper we introduce the notion of com- 
plex asystatic Hamiltonian action on a Kahler manifold. In the 
algebraic setting we prove that if a complex linear group G acts 
complex asystatically on a Kahler manifold then the G-orbits are 
spherical. Finally we give the complete classification of complex 
asystatic irreducible representations. 

1. Introduction 

A proper action of a compact Lie group i^' on a manifold M is 
called asystatic if the isotropy representation of a principal isotropy 
subgroup L has no non-trivial fixed vector in the tangent space of a 
principal orbit K/ or, equivalently, if the quotient group Nk{L)/L is 
finite. Asystatic actions are particular cases of polar actions, namely, 
if we endow M with any i^'-invariant Riemannian metric, there exists 
a properly embedded submanifold S, called a section, which intersects 
every i^'-orbit orthogonally; in the case of asystatic actions, a section 
is provided by the fixed point set of a principal isotropy. Asystatic 
actions, whose introduction goes back to Lie (see |LEj ). have been 
treated in [AA^ and |PTj. 

If K acts isometrically and holomorphically on a Kahler manifold M, 
then the asystatic condition is rarely satisfied, at least when the action 
is Hamiltonian, as the following proposition shows. 

Proposition 1.1. Let K acts effectively on a Kahler manifold M by 
holomorphic isometrics. If the K-action is Hamiltonian, then it is 
asystatic if and only if K is semisimple and M is the Kahler product 
of a flag K/H and a Kahler manifold which is acted on trivially by K . 

Now, given a i^'-action on a manifold M with principal isotropy type 
(L), the core M C M is defined as the closure of fl M^g, where 
denotes the fixed point set of the subgroup L. The quotient group 
Nx{L)/L acts effectively on M and the inclusion M M induces a 
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bijection at the orbit space level; this gives the primary motivation for 
referring to the induced transformation group {{Nk{L)/L), M) as the 
reduction of {K,M) (see e.g. |GSj and |SH|)- 

In this paper we are interested in the fixed point set of a principal 
isotropy for a Hamiltonian action of a compact group of holomorphic 
isometrics of a Kahler manifold M; in this case one of our results 
states the following 

Proposition 1.2. Let M be a Kdhler manifold endowed with an effec- 
tive Hamiltonian K-action. Let (L) be a principal isotropy type, M a 
core and c the cohomogeneity of the K-action. Then 

(1) dimM > c + Tank{K) - rank(L); 

(2) the equality in (1) holds if and only if the group {Nk{L)/L)° is 
abelian; 

(3) if M = V is a linear space and K acts linearly on V or M is 
locally irreducible, then rank(fr) — rank(L) > 1. 

It is therefore natural to investigate actions for which this equality 
holds. With this notation we say that a proper i^-Hamiltonian action 
on a Kahler manifold M by holomorphic isometrics is called complex 
asy static (or C-asy static) if 

dim M = c + rank K — rank L 

or, equivalently, if {Nk{L)/ L)° is abehan. 

In the algebraic setting we prove the following theorem, which con- 
nects the C-asystatic condition with the class of actions of reductive 
groups with spherical orbits; we recall here that a complex homoge- 
neous space of a reductive complex group G is called spherical if a 
Borel subgroup of G has an open orbit in (see e.g. |BLVj ). 

Theorem 1.3. Let G be a connected complex linear algebraic reductive 
group acting algebraically on a Kdhler algebraic manifold M. If the 
action of a maximal compact Lie subgroup of G on M is Hamiltonian 
and C-asystatic, then every G-orbit is spherical. 

All irreducible representations of a reductive algebraic group G with 
spherical orbits have been classified by Arzhantsev (jS2|). In the last 
section we therefore use this result and our Theorem 11.31 in order to 
determine all the irreducible C-asystatic representations. Our result is 
the following 

Theorem 1.4. Let K be a connected compact Lie group and p : K ^ 
U{V) be a complex irreducible representation. Then p is C-asystatic if 
and only if p{K) is one of the following 
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(1) SU(n), A\S\J{n)), S\S\J{n)) (n > ?>), SO(n), SU(n)®SU(m), 
Spin(7), Spin(lO), Eg; 

(2) p(//)-T\ where p{H) appears m (1), or S'^{\J{2)), T^xSp(n), 

X G2. 

We note here that the actions appearing in the classification are ei- 
ther orbit equivalent to isotropy representations of Hermitian symmet- 
ric spaces or are obtained from these by deleting the one-dimensional 
torus. 

The organization of the paper is as follows: definitions and basic 
useful facts on complex asystatic actions are given in Section 2, while 
in Section 3 we prove our main result in the algebraic setting. Applying 
our main result we give, in Section 4, the complete classification of 
irreducible complex asystatic representations. 

2. Actions on Kahler manifolds and the C-asystatic 

condition 

Throughout the following K will denote a connected compact Lie 
group. A proper ii'-action on a manifold M is said to be asystatic if, 
given a principal point p & M and its isotropy subgroup Kp := L, the 
isotropy representation of L on Tp{K -p) has no nontrivial fixed vector. 

If M is a Kahler manifold and K acts on M by holomorphic isome- 
trics, the asystatic condition is rarely satisfied, at least if K acts in 
Hamiltonian fashion. We now give the proof of Pro] jl.ll (for some re- 
lated see also |GPp . 

Proof of Proposition Let L be a principal isotropy subgroup and 
let E be the connected component of the fixed point set passing 
through the principal point p. Then Tp'Lf\Tp{K -p) = {0} and since S 
is complex, so is • p. We now claim that every K-orbit is complex. 
Indeed, E intersects every K-orbit and for every g G S we have that 
TqS is a section for the linear Kq-action on the normal space Uq of 
K ■ q (see e.g. |PTj ) : moreover if t> G Ug, there exists g & Kq so that 
gv G TqE, hence Jv G g^^Tqll C Vq since S is complex. This means 
that z/q, hence K ■ qis complex. 

Since the ii'-action is Hamiltonian, the Z-action on K ■ p is also 
Hamiltonian, where Z denotes the connected component of the center 
of K\ this implies that Z acts trivially on K ■ p, hence on M by the 
effectiveness of the action, and therefore K is semisimple. 

If /X : M — >^ fi* is a moment map for the /^-action, where t* denotes 
the dual of the Lie algebra of K, we first note that /i is constant on 
S, because S is complex and therefore {dfiq{X),Y) = uj{X,Y)\g = 
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for every X G T^S, F G 6 and g G S. We put yu(S) = {13} for some 
/3 G t*. If X G S, then ■ x is complex, hence fi : K ■ x K ■ (3 is 
a covering and since K ■ /3 is simply connected, we have = Kp and 
every i^-orbit in M is principal. This also implies that E intersects 
every i^-orbit in a single point: indeed if x,gx & Tj for some g & K, 
then g G Kj3 = K^, hence x = gx. The map (p : K ■ p x "E ^ M 
given by x) = kx where p is any fixed point in S is a well defined 
iiT-equivariant diffeomorphism, which can be proved to be an isometry 
using the same arguments as in the proof of the main result in [GP . □ 

From now on we will always suppose that the i^'-action is also Hamil- 
tonian. 

Given a i^'-action on a manifold M with principal isotropy type (L), 
recall that the core M C M is defined as the closure of fl M^eg 
and it is known (see |GSj and |SSj ) that all the components of M are 
equi-dimensional. We now give the proof of Prop. 11.21 

Proof of Proposition^^ (1) We denote hj fi : M i* = i a, moment 
map, where 6 is the Lie algebra of K, identified with its dual i* by 
means of a y4(i(i^')-invariant scalar product < ■, ■ > on 6. We fix a 
point p G and, since principal isotropy subgroups are conjugate, we 
may suppose that p belongs also to the open dense subset := {q G 
M\ dimK-^{q) > dimK-fi{w), Vw G M}. Then it is known (see |HWj . 
p. 267) that, given a fT-regular point p E M with Kp = L, L is normal 
in -ft'^(p) with Kfj,(p)/L abehan; moreover the kernel ker((i/ip) f\Tp{K -p) 
is a L-invariant subspace of Tp{K -p), which can be identified with the 
tangent space Tp{K^(^p) -p). This implies that 

dim(ker((i/Xp) fl Tp{K ■ p)) = rank(i^) — rank(L) 

and also that ker {dfj,p) fl Tp{K ■ p) C (TpM)^. Since the normal space 
Up = (Tp{K ■ p))-^ with respect to any fC-invariant scalar product on M 
is obviously contained in (TpM)^ because p is regular, we obtain our 
first claim, recalling that dim TpM^ = dim M. 

(2) The fixed point set {K-p)^ clearly identifies with the orbit Nk{L) -p 
and the equality holds if and only if dim(Tp(A^i^(L) -p)) = dim_ft'^(p) -p, 
i.e. if and only if {Nk{L) / L)° = K^(j))/L, which is abelian. 

(3) Suppose that rank(i^) = rank(L); this implies that L = Kp,(p) be- 
cause K^(^p)/L is abelian. Since L has maximal rank, fl Tp{K ■ p) = 
{0}; moreover since contains the normal space of the orbit K ■ p at 
p, we see that coincides with {TpK -p)-^ and therefore the orbit K -p 
is complex. In particular, since the i^-action is Hamiltonian, the group 
K is semisimple by the same arguments used in the proof of Prop. 11.11 
If M = y is a linear space, then ■ p is a compact connected complex 
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submanifold, hence a point and the i^-action is triviaL 
Suppose now that M is a locally irreducible Kahler manifold. We write 
IB = [ + m, an Ad(L)-invariant decomposition, where m identifies with 
Tp{K ■ p); we decompose m = 0jiTij into irreducible Ad(L)-invariant 
subspaces, which are mutually inequivalent, because K/L is a general- 
ized fiag manifold of a semisimple compact Lie group (see e.g. jWoj ). If 
^ G V^, then the shape operator A^, viewed as an element of End(m), 
commutes with Ad(L) and therefore maps each irij into itself; being 
self-adjoint, we have that A^\^ = XJ for some Aj G M by Schur's 
Lemma. Moreover, the complex structure J of leaves each rrij invari- 
ant and therefore commutes with ; on the other hand it is well-known 
(see |KJNj ) that A^ anti-commutes with J, hence A^ = for all ^ G V^, 
meaning that every principal orbit is totally geodesic. The open subset 
of principal points admits two complementary, totally geodesic folia- 
tions, given by the i^-orbits and by the fixed point sets of principal 
isotropics; it is well-known that two complementary totally geodesic 
foliations are parallel, contradicting the local irreducibility of M. □ 

Definition 2.1. A proper K -Hamiltonian action on a Kdhler mani- 
fold M by holomorphic isometries is called complex asystatic (or C- 
asy static) if 

dim M = c + rank K — rank L 
or, equivalently , if {Nk{L)/ L)° is abelian. 

Example. On the quadric Qn = SO(n + 2)/SO(2) x SO(n), we con- 
sider the action of = SO (2) x SO{n). A principal isotropy subgroup 
L is given by Z2 x SO{n - 2) and {Nk{L)/LY = (SO(2))2, hence the 
action is C- asystatic. 

Remark. The example K = SO(n) acting on C" shows that Nk{L)/L 
is in general not abelian, even if the action is C-asystatic; indeed in 
this case Nk{L)/L = ■ Z2. 

The following proposition shows that the condition of C-asystatic is 
preserved in the slice representation at complex orbits. 

Proposition 2.2. // the K-action on M is 'C-asystatic then the slice 
representation at a complex K-orhit is C-asystatic. 

Proof. Given a complex orbit K ■ x, we have rank(i^') = rank(i^'3;); let 
L C Kx be a principal isotropy subgroup and denote by the normal 
space at x of the orbit K ■ x. 

dim(z/^(T^.ir ■ x))^^ < dimM = c + rank - ranki^p 

this is equal to c-|-rank(i^a.)— rank {Kx)^ and we get the claim. 
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We now close this section with the following lemma that might be 
useful in order to classify C-asystatic actions. 

Lemma 2.3. Let K be a compact connected Lie group acting on a 
Kdhler manifold M and K' G K a compact connected subgroup whose 
action on M is C-asystatic, then the action of K is C-asystatic, pro- 
vided one of the following conditions holds: 

(1) K and K' have the same orbits; 

(2) K = K' -T^, where is a one dimensional torus. 

Proof. If (1) holds, let := K/L = K'/L' be a common princi- 
pal orbit through a point p with L' C L; if c denotes the common 
cohomogeneity then 

c+rank(i\:)-rank(L) < dim(rpM)^ < (TpM)^' = c+rank(ir')-rank(L') 

Our claim follows from the fact that rank(i^') — rank(L) = rank(i^') — 
rank(L') (see e.g. |D], p. 207). 

If (2) holds, we consider the moment maps /i, /i' relative to K, K' re- 
spectively; the Lie algebra oi K splits as 6 = © M ■ Z, where Z is 
a generator of the Lie algebra of and the moment map /i' = vr o /i, 
where vr : t — 6' is the projection. Let p G M be a principal point, 
then fi{K -p) = K/H, where H G K is the centralizer of a torus, hence 
of the form H = H' ■ with H' C K' the centralizer of some torus in 
K'] moreover fi'{K' ■ p) = tt o fi{K' ■ p) = Tr{K/H) = K'/H', because 
K' acts transitively on K/H. 

Let L' G L he principal isotropy subgroups of K',K respectively; by 
(1), we can suppose that K' ■ p ^ K ■ p, hence [ = where I, l' are the 
Lie algebras of L,L' resp. We decompose t = [ + a + n, where [ + a = (), 
Z G a and [[, a] = and n = (I + a)"*" w.r.t. an Ad(-ft')-invariant scalar 
product (-,■) with Z) = 0. Now, n^'^^^) C n^^(^') = {0} because 
the i^'-action is C-asystatic; it then follows that 

dim{TpK ■ pf = dim a = dim(f)7[) + 1 = 

= rank(iir') — rank(L) + 1 = rank(i^') — rank(L) 
hence our claim. □ 

Remark. We remark that ii K' G K have the same orbits and the K- 
action is C-asystatic, then the i^^'-action is not necessarily C-asystatic, 
as the example of the linear action of K' = Sp{n) G K = U(2n) shows. 

3. C-ASYSTATIC ACTIONS AND SPHERICAL ORBITS 

In this section we prove our main Theorem ll.3[ We recall here that a 
complex homogeneous space X = G/H, where G is a complex algebraic 
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group, is called spherical if a Borel subgroup of G has an open orbit 
in X. We recall also that if {M,g) is a Kahler manifold with Kahler 
form u and is a compact connected Lie subgroup of its full isometry 
group, then the ii"-action is called coisotropic if the principal i^-orbits 
are coisotropic with respect to u. 

Proof of Theorem \l.Si . Let be a maximal compact Lie subgroup of 
G whose action on M is Hamiltonian. Let /i : M — > be a mo- 
ment map for the i^-action and let := {v G M; dim K{fi{v)) > 
dim K{fi{w)) W w E M}. Since is an open set, the intersection 
n Mreg is non empty and open; we fix p in fl M^^g and we denote 
by O the orbit G ■ p under the complexified group G. We now prove 
that the orbit K ■ p is coisotropic in O, hence every principal orbit of 
K in O will be coisotropic by Theorem 3 in |HWj . By a result due to 
Wurzbacher (Theorem 2.1, p. 542 |Wuj ) this means that the G-orbit 
O is spherical. 

In order to prove our claim, we denote by ap the tangent space Tp^K^^p-^ ■ 
p) and by Up the orthogonal complement Up = fl Tp{K ■ p); by 
the assumption of C-asystatic, the fixed point set (TpM)^ is given by 
(TpM)^ = Up Q) ap, where Up denotes the normal space {Tp{K ■ p)^; 
since TpM^ is a complex subspace, we have that rip is complex too. 
This means that TpO is given by Tp{K -p) © J(ap), where J denotes the 
complex structure of M, so that the normal space of Tp{K ■ p) inside 
TpO is Jap] hence the orbit K ■ p is coisotropic inside O. 
This argument shows that for any point x in the open set G fl Mreg 
the orbit G ■ x is spherical; our claim now follows from |Alj, where it is 
proved that every G-orbit is spherical if this happens in an open dense 
subset. □ 

In the following we will denote by G/H a G-spherical orbit and by 
Ng{H) the normalizer of H in G, using [ViJ (Proposition 10, p. 19), 
under the same hypotheses of Theorem 11.31 we get 

Corollary 3.1. If the action of a compact Lie subgroup of G on M is 
C-asystatic then Ng{H)/H is abelian. 

4. The linear Case 

All representations of a reductive algebraic group G with spherical 
orbits have been classified in |A2j . In order to have the classification 
of C-asystatic representations, we have to go through the list in |A2j 
and select which are C-asystatic. Since the computation of a principal 
isotropy is not easily accessible in the literature, we provide a table of all 
irreducible representations with spherical orbits, where we also indicate 
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a principal isotropy L. We now give the proof of the classification 
Theorem. 

Proof of Theorem \1.4\ By Theorem II .31 we know that the G-orbits are 
spherical. By Arzhantsev's result |A2] , an irreducible representation 
of a reductive algebraic group has spherical orbits if and only if it 
appears in Table I (p. 291 in |A2j ) or is obtained from any of these by 
a torus extension; here in Table 1, we indicate a compact real form K 
with the corresponding representation, a principal isotropy subgroup 
L, the difference / = rank(i^') — rank(L) and the dimension d of the 
fixed point set for the isotropy action of L on the tangent space of 
the orbit K/L. Clearly, the representation is C-asystatic if and only if 
f = d. According to Lemma 12.31 we then need only consider the cases 
which are not C-asystatic and compute the same invariants / and d 
for K ■ T^; this is done in Table 2 and the full classification is then 
obtained by taking all representations which appear in Table 1 or 2 
and are C-asystatic. □ 



n. 


K 


P 


L 


/ 


d 


1 


SV{n) 


Pi 


SU(n- 1) 


1 


1 


2 


SU(2n) 


A^i 


SU(2)" 


n — 1 


72—1 


3 


SU(2n + 1) 


AVi 


SU(2)" 


n 


n 


4 


SU(n),n > 3 






n — 1 


n — 1 


5 


SU(2) 




Z2 


1 


3 


6 


SO(n) 


Pi 


S0(n-2) 


1 


1 


7 


Sp(n) 


Pi 


Sp(n — 1) 


1 


3 


8 


SU(n) X SU(m),n < m 


Pi ® pi 


U(l)"-^ X SU(m-n) 


n 


n 


9 


SU(n) X SU(n) 


Pi ® Pi 


U(l)"-i 


n — 1 


n ~ 1 


10 


SU(2) X Sp(n),n > 2 


Pi ® pi 


U(l) X Sp(n-2) 


2 


4 


11 


SU(3) X Sp{n),n > 3 


pi ® pi 


Sp{n — 3) 


4 


29 


12 


SU(3) X Sp(2) 


pi ® pi 


{e} 


4 


18 


13 


SU(4) X Sp(2) 


pi ® pi 


Z2 


5 


25 


14 


SU(n) X Sp(2),n > 5 


pi ® pi 


SU(n - 4) X Z2 


6 


26 


15 


Spin(7) 


P3 


SU(3) 


1 


1 


16 


Spin(9) 


Pi 


SU(3) 


2 


4 


17 


Spin(lO) 


Pi 


SU(4) 


2 


2 


18 


G2 


Pl 


SU(2) 


1 


3 


19 


Ee 


Pl 


Spin(8) 


2 


2 



Table 1. Semisimple K such that G has spherical orbits. 
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n. 


K 


P 


L 


/ 


d 


1 


U(2) 






2 


2 


2 


Sp(n) X 




Sp(n - 1) X 


1 


1 


3 


U(2) X Sp(n) 


Pi ® Pi 


X Sp(n - 2) 


3 


5 


4 


U(3) X Sp(n),n > 3 


Pi ® Pi 


Z2 X Sp(n - 3) 


6 


30 


5 


U(3) X Sp(2) 


Pi® Pi 


Z2 


5 


19 


6 


U(n) X Sp(2),n > 4 


Pi ® Pi 


U(n - 4) X Z2 


6 


26 


7 


Spin (9) X 


Pi®e 


SU(3) X Z2 


3 


5 


8 


G2 X 


Pi0e 


SU(2) • Z2 


2 


2 



Table 2. Non-semisimple K such that Ggs acts with 
spherical orbits, but Kgs acts non C-asystatically 



Notation: In the above Tables pi denote the standard representations. 
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